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Abstract 

Burkart, Caucal, Stcffcn (1995) showed a procedure deciding bisimulation equivalence 
of processes in Basic Process Algebra (BPA), i.e. of sequential processes generated by 
context-free grammars. They improved the previous decidability result of Christensen, 
Hiittcl, Stirling (1992), since their procedure has obviously an elementary time complexity 
and the authors claim that a close analysis would reveal a double exponential upper 
bound. Here a self-contained direct proof of the membership in 2-ExpTime is provided. 
This is done via a Prover-Refuter game which shows that there is an alternating Turing 
machine deciding the problem in exponencial space. The proof uses similar ingredients 
(size-measures, decompositions, bases) as the previous proofs, but one new simplifying 
factor is an explicit addition of infinite regular strings to the state space. 
To have an explicit proof of the upper bound seems useful also due to the recent shift of 
the known lower bound from PSPACE (Srba, 2002) to ExpTime (Kiefer, 2012). 

1 Introduction 

The classical language equivalence problems in automata theory have their counterparts in 
the bisimulation equivalence problems in process theory. The computational complexity of 
bisimulation equivalence is still not fully settled even for fundamental classes, one of them 
being the class of Basic Process Algebra (BPA) processes, i.e. of sequential processes gener- 
ated by context-free grammars. This concrete research topic started with a result by Baeten, 
Bergstra, Klop [T] who showed decidability in the normed BPA case (where each nonterminal 
of the underlying context-free grammar derives some terminal word). Christensen, Hiittel, 
Stirling [5] extended the decidability result to the whole BPA class, and Burkart, Caucal, 
Steffen [3] (see also [3]) showed a procedure with an elementary complexity, claiming that 
a close analysis would demonstrate a double exponential upper bound. We also note that 
the normed case was subsequently shown to be in PTIME [7] (see [6] for the most recent 
improvement of complexity). 

Regarding the lower bounds for the (full) BPA problem, Srba [15] showed PSPACE- 
hardness, and Kiefer [11] recently shifted this to ExpTime-hardness (using the ExpTime- 
completeness of countdown games [313]); he thus also strengthened the lower bound results 
known for (visibly) pushdown processes [12] , |16] and for weak bisimilarity [13j . This was 
a bit surprising since the bisimulation problem for related classes of basic parallel processes 
(generated by commutative context-free grammars) and of one-counter processes were shown 
PSPACE-complete [8], [2]. The mentioned shift of the lower bound is a natural impulse for 



looking at the complexity again, and confirming the upper bound which has been a bit vaguely 
stated in the literature becomes more important. 

Here we show a direct self-contained proof of the fact that BPA bisimilarity is indeed in 
2-ExpTime. This is done via a Prover-Refuter game which shows that there is an alternating 
Turing machine deciding the problem in exponencial space. The proof uses similar ingredients 
(size-measures, decompositions, bases) as the previous proofs, though in somewhat different 
form, while the main new simplifying factor seems to be an explicit addition of infinite regular 
strings to the state space. On the whole, the proof confirms the previously claimed upper 
bound, simplifies several technical aspects, and it might also shed some new light on the 
structural decomposition approach for deciding bisimilarity. 

Section [2] recalls the notion of regular strings, defines the bisimilarity problem for BPA 
and states the result. Section [3] then shows a proof. It first recalls some simple notions 
and observations, noting the congruence properties and defining decompositions, and then a 
Prover-Refuter game is formulated whose soundness is obvious. Regarding the completeness, 
the main technical ingredient is, in fact, an exponential bound on the "equivalence-level" of 
any nonbisimilar normed pair; this can be derived from the literature but, to be self-contained, 
Subsection 13.11 shows a proof via an explicit presentation of Attacker's winning strategies in 
the bisimulation game. Section [4] adds some further remarks. 



2 Preliminaries 

Let N = {0, 1, 2, . . .}. For a (finite) set C, \C\ denotes its cardinality, and C* the set of finite 
sequences (strings, words) of elements of C. By e we denote the empty sequence and by |iw| 
the length of w G C* . C u is the set of infinite strings over C, i.e. the set of mappings N — > C. 
If w = uv then u is a prefix of w and v a suffix of w. 



Regular strings 

A regular string over C is either a finite string (an element of C*) or an infinite string (an 
element of C") of the form ,$777 . . . = (3^ where /?, 7 G C* and 7 / e. We do not consider 
nonregular strings. For a G C* we put ROUND(a) = {jf3 \ f3"f = a}, and we recall some 
standard and/or easy facts, which imply a canonical form of regular strings; we stipulate 
= e. 

Proposition 1 If ^(ji)" = (3 2 ("f2T then (72)" = (7i) w for some j{ G ROUNd(7i). 

Proof: Since /3i 7171 71 . . . = ,02727272 • • •, we obviously must have 727272 • • • = ^7i7i7i • • • 
for a suffix 5 of 7l ; let 71 = S'S. Hence (72 ) w = 6(6' 6) w = (55')". □ 



Proposition 2 Each regular string a has the unique prefix a p and the unique cycle a c such 
that a = a p (a c ) UJ and the shortest possible (i.e., a = (3^ implies \(3~/\ > \a p a c \). 

Proof: Suppose a = /3i(7i) w = ^2(72)^ where I71I < I72I. Prop. CD shows that a = fail'i^ 
for some 7J G ROUND(7i), and we have j /?2 Ti I < [^272 1- ^ 

We call a p (a c ) u ' the canonical presentation of a (where a p = a and a c = e when a is finite). 
The following corollary is useful later; in particular it says that changing a finite prefix does 
not change the canonical cycle, up to "rounding." 
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Proposition 3 (1) If f3 is finite then a p is a suffix of (f3a) p , and a c G ROUND((/3a) c ). 
(2) For any finite j3\, /?2 and any (regular) a we have ((32<y,) c G ROUND((/3ia) c ). 

Proof: (1) If ((3a) p is a prefix of j3 then obviously a p = e and a c G ROUND((/3a) c ); otherwise 
it is easy to verify that (f3a) p = /3a p and a c = (f3a) c . 

(2) follows from (1), when noting that a G ROUND^) implies ROUND(a) = ROUND^). □ 



BPA processes 

A BPA-system is defined as a context-free grammar in Greibach normal form with no starting 
nonterminal; it is a tuple Q = {N , A, TZ) where J\f, A, TZ are finite sets of nonterminals (or 
variables), actions (or terminals), and rewriting rules, respectively. The rules r G TZ are of 
the form r : A — a where A G M, a G A, a G J\f*; we put ACT(r) = o, thus defining the 
mapping ACT : TZ — > A. For later convenience we assume that for each A G N there is at 
least one rule of the form A — a, i.e., there are no dead nonterminals. (But there may still 
be nonterminals which do not derive any terminal word in the classical language sense.) 

A BPA system Q = (Af, A, TZ) generates the (rule-based) labelled transition system Cg = 
(Sg,TZ,(—^- J ?') r £n) where Sg is the set of all regular strings over A/", which are also called 
states or processes. The transition relations — — >-C Sg x Sg are defined as follows: for a rule 
r : A — > a we have Aj3 — > ct(3 for any regular string f3. In the (action-based) labelled 
transition system Cg = (Sg,A, (—^) a eA) we have a —> f3 if there is r such that a —> (3 
in Cg and ACT(r) = a. In both £g and Cg we define — > (w G TZ* or w G .4*) as usual: 
a a ; if a — — >■ /? and /3 — 7 then a — >■ 7. 

Remark. We note that £g is deterministic: if a i.e. if w G 7£* is enabled by a, 
then there is a unique path a /3i — ^ /?2 • • • — ^> where 77 r2 . . . = Cg might be 
nondeterministic. We also note that if a is a finite string and a /3 then f3 is also finite. 
The convenience of including also infinite regular strings into Sg will become clear later. 



Bisimilarity problem for BPA 

Given Q = (Af,A,TZ), we say that B C Sg x Sg covers (a,/3) G Sg x Sg (in Cg) if for any 
a — > a' there is /3 — > f3' such that (a', ft') G B, and for any f3 j3' there is a — > a' such 
that (q',/3') G £>. £> covers B' C Sg x Sg if £? covers each (a,/3) G B is a bisimulation if 
covers States a,/3 are bisimilar, a ~ /?, if there is a bisimulation £> containing (a, /3). 
The problem BPA-Bisim asks, given Q and two nonterminals X, Y, if A ~ Y (in £g). 
We will prove the next theorem, assuming a standard encoding of Q,X,Y. 

Theorem 4 BPA-Bisim is in 2-ExpTime; i.e., there is an algorithm which decides BPA- 
Bisim and its time complexity is in O(2 2po!<n) ) for a polynomial pol. 



3 Proof of Theorem [4] 

We assume a given Q = (Af,A,TZ), generating Cg with the state set Sg, and we recall/define 
further technical notions. Let ~o= <Sg x Sg and let ~fc+iG Sg x Sg (k G N) be the set 
of all pairs covered by The following claims are standard and/or straightforward; for 
convenience we can write a(5 also if a is infinite but we identify a(3 with a in such a case. 
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Proposition 5 (1) The relations ~ and ~j (for all i G N,) are equivalences. 
(2) If a /3 i/ien a ~j /3 (hence ~o 5 ~i 5 ~2 5 • • • j- 

f5j We /lave a ~ /3 i/f G N : a ~j /3 (since Cg is finitely branching and thus image finite). 

(4) If a ~j /3 and 7 ~j 5 £/zen 07 ~j /3<5. Hence ~ and ~j are congruences wrt concatenation. 

(5) If a ~j 7a and 7 7^ e ('and 7 € TV* J f/ien a ~j 7^. 

^ if £/ € A/" and i/iere is no w £ A* such that U — > e f/ien C7 ~ t/a /or any a. 

We note that a 7^1 /3 iff a, /3 enable different sets of actions. Due to our assumption that 
there is no dead nonterminal A G j\f, we have e 9^1 a iff a 7^ e; thus (4) indeed holds. 

Remark. The "no dead nonterminal" assumption is not crucial for the problem BPA- 
Bisim, since we can always add a special nonterminal D and a special action d, and the rules 
A — — > j4 for all dead nonterminals ^4 (including D), and finally replace the question X ~ Y 
with ID ~ YD. 

Prop. [5] suggests to define the equivalence level, or the eq-level, for each pair of strings: 

EqLv(q, /3) = k G N if a /3 and a 7^+1 /3, and EqLv(ck, /3) = oj if a ~ /3. 

Point (6) in Prop. [5] touches upon the notion of norm (a mapping Sg — > N U {oj}), which is 
the same in both Cg and Cg ; we refer to Cg now: 

Definition 6 The norm of a G Sg is denoted \\a\\: if there is no w such that a — > e then we 
put || a || = uj and say that a is unnormed; otherwise a is normed and \\a\\ = \w\ for a shortest 
w such that a — > e. A path /3o — > j3\ — > fa • • • — > Pk is norm-reducing if \\Pq\\ < oj and 
ll/Sj+ill < HftH (i.e., ||A+i|| = ||A||- 1) for i = 0,1,..., k-1. 

We stipulate n < ui and n + w = o;-|-n = a;-|-a; = a;for each n G N, and note that ||e|| = 
and ||a/3|| = ||a|| + ||/3||. (We have ||a|| = oj when a is infinite.) 

Convention. Recalling Point (6) in Prop.[5j we further implicitly assume that each considered 
string is stripped of the suffix after the first occurrence of an unnormed nonterminal, if any. 
The considered strings are thus of the form a, aU, P^f where a, (3, 7 are normed and U G M 
is unnormed. We can still write, e.g., 7/3 or 7^ even if ||7|| = oj but such strings are implicitly 
identified with (the appropriate prefix of) 7. 

It will be useful to "measure" the (norm-)size of string presentations: 

Definition 7 Given Q = (J\f, A, 71), the function size : Sg — > N is defined as follows. 
For a finite string a we put siZE(a) = \\a'\\ for the longest normed prefix a' of a (thus 
SIZe(q[/) = siZE(a) when U is unnormed). For an infinite regular string a, with no un- 
normed nonterminal, we put size(q) = ||a p a c || (where a p (a c ) U} is the canonical presentation 
of a). For a pair (a, f3) we put siZE(a,/3) = max {siZE(a), SIZe(/3)}. 
We put max0 = 0, and define: 

M = max{||,4|| \AeJ\f, \\A\\ < oj}, 

M r hs = max{||a|| | there is a rule r : A — — >■ a and ||a|| < oj}, 

S r hs = max{siZE(a) | there is a rule r : A — > a}. (Hence M r h s < S r h s .) 

We note that ||A|| = 1 + ||a|| for some rule A — — > a, and we easily observe the following 
standard facts. 
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Proposition 8 

(1) There is a polynomial algorithm which, given Q = (Af,A,TZ), computes \\A\\ for each 
A G M, and also M, M r /, s , S r h s ; these values are bounded by an exponential function of the 
size of Q. 

(2) There is a polynomial algorithm which, given j3, 7, finds the canonical prefix ((3j UJ ) p and 
cycle (f3j u ') c and computes SIZe(/37^). 

We now define the crucial notion, on which the later Prover-Refuter game is based. 

Definition 9 A set of "component-pairs" {ai,(3\), (02, P2), (ctk>Pk) *s a decomposition 
of {a, (3) if SiZE(aj, < SiZE(a,/3) for j = 1,2, ... ,k, and (a, (5) belongs to the least con- 
gruence (wrt concatenation) containing all (aj,(3j), j = 1, 2, . . . , k. Moreover, if aj ~ f3j for 
all j = 1,2, ... ,k then it is a bisimilar decomposition. 

Example. One decomposition of (Aa,Bf3) is { (Ay,£?), (a, 7/3) } when both slZE(Ay, .B), 
SiZE(a,7/3) are less than size( Aa, Bf3); indeed, the least congruence containing (Ay, B), 
(a, 7/3) must also contain (Ay/3, 5/3) and (Aa, Ay/3), and thus also (Aa,B(3). Another de- 
composition of (Aa,Bf3) is (a,y5 w ), (/3,<5 W ), (Ay<5 w , B5 U ) if the size conditions are satisfied. 

By inspecting the definitions and recalling Prop. [5] (Points (1) and (4)) we easily derive: 
Proposition 10 

(1) If {(<2j,f3j) I 1 < j < k} is a decomposition of (a, /3) then min { EQLv(aj, /3j) | 1 < j < 
k } < EQLv(a,/3); if it is a bisimilar decomposition then a ~ /3. 

(2) If EQLv(a, /3) < ui then there is a move a — > a' or f3 — > /3' such that for any j3 /3' 
in the first case and for any a — —¥ a' in the second case we have EqLv(q',/3') < EQLv(a,/3). 

We now recall the general fact that 2-ExpTime=AExpSpace (where "A" stands for "Alter- 
nating"); an algorithm proving Theorem U] can be thus based on the following game. (The 
algorithm finds if there is a winning strategy of Refuter.) 

Prover (she) - Refuter (he) Game 

1. A BPA-system Q = (Af, A, TZ) and X, Y £ M are given. 

2. A work space of size 2 pol ( slze (G)) is reserved, where pol is a (sufficient) polynomial whose 
existence will become clear later. A special part of the work space serves for storing a 
presentation of a current pair, initially (X, Y). 

3. For z = 1,2,..., the following Phase i is performed; (a, /3) denotes the current pair: 

(a) If a 9^1 /3 then Refuter wins. If a, f3 are dead (i.e., if they do not enable any action, 
i.e. a = (3 = e) then Prover wins. (The play finishes in these cases.) 

(b) Using the free work space, Prover can show some pairs and demonstrate that they 
constitute a decomposition of (a, /3). In this case Refuter chooses one of these pairs 
as the new current pair (a',/3'); the play then continues with Phase 

(c) (Prover has not used the possibility in (b).) Refuter chooses a move a a' or 
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Lemma 11 (Soundness.) If X </■ Y then Refuter has a winning strategy. 



Proof: Assume that X ^ Y and Refuter uses the following strategy. In (b) he always chooses 
a pair (a' ,/3') with the least eq-level, and in (c) he always chooses a move guaranteeing that 
EqLv(c/, f3') < EqLv(q, (3). Prop. [TOl guarantees that this is possible and that EqLv(«', j3') < 
EqLv(«,/3), or EQLv(a',/3') = EqLv(q,/3) and SIZe(c/,/3') < SIZe(q,/3). Refuter thus must 
win eventually. □ 



Lemma 12 (Completeness.) If X ~ Y then Prover has a strategy avoiding Refuter's win 
(the play might be infinite), on condition that the polynomial pol is sufficiently large. 

In the rest we show a proof of Lemma [121 by which a proof of Theorem U will be finished. From 
bisimulation games we borrow the terminology of a round-based game between A (Attacker, 
he) and D (Defender, she), played as follows: given a current pair (a,/3), A chooses some 

a — —> a' or (3 f3'; in the former case, D chooses some (3 — > (3' where ACT(r') = ACT(r), 
in the latter case D chooses some a — a' where ACT(r) = ACT(r'); the round is finished 
and (a 1 , (3') becomes the current pair for the next round. If a player is stuck then (s)he loses. 
It is obvious (by Prop. [T0T2) ) that if EqLv(o, (3) = k < uj then A has an optimal strategy 
(attaching a move to each pair (ai,«2)) guaranteeing his win within k+1 rounds. On the 
other hand, if EQLv(a, (3) = uj then D has a strategy keeping all current pairs in the play 
bisimilar (i.e., each current pair is an element of bisimulation equivalence). We now observe 
some simple facts (stated in convenient, not necessarily the strongest, forms). 
We assume a given Q = (N , A, TV) and recall M, M r h s , S r h s from Def. UJ 

Proposition 13 Suppose Aa ~ B(3 where \\A\\ < \\B\\ and \\A\\ < uj. 

(1) There is 7 such that a ~ 7/? and size(7) < M + M ■ S r h s ; we refer to such 7 below. 

(2) If \\B\\ < uj then either there is 5 such that 5a ~ (3, size(<5) < M + M ■ S r h. s , and ^5 ^ e, 
in which case a ~ (7*5)^ and f3 ~ (#7)^, or 7 satisfying (1) can be chosen so that \\^f\\ < \\B\\. 

(3) If A7 rf B but A-y/3 ~ B[3 then there is S ^ e such that (3 ~ 5(3, and thus (3^5^. 

Proof: (1) Given (Aa, B(3), suppose A plays a norm-reducing sequence Aa a (\u\ < M) 

u' u' 

while D keeps bisimilarity, playing some B — > 7 (i.e., B/3 — > 7/?); this yields the required 
a ~ 7/3 (where 7/3 = 7 when ||7|| = uj, by our convention after Def. [6]). 

(2) If there is no such 5 (normed or unnormed) and A plays norm-reducing B(3 — (3, while 
D keeps bisimilarity, then a is exposed within ||i?|| moves; we get a ~ 7/3 where ||7|| < \\B\\ 
(maybe 7 = e). 

(3) If A uses an optimal strategy for (A~f, B) from (Ajf3, BP) (ignoring the suffix /3) while D 
keeps bisimilarity then the play obviously must reach a pair (/3, 5/3) or (5(3, (3) where (3^5/3 
and 5 7^ e ((3 ~ 5 if \\5\\ = uj); we do not claim any bound on size((5) at the moment. □ 

Hence if ||^4|| < \\A\\ < uj, and Aa ~ B/3, then one of the following points shows a 

bisimilar decomposition of (Aa, B/3) on condition that the size- conditions are satisfied: 

1. (0,7), (Aj,B), where size(7) < M (l+S r h s ), in the case \\B\\ = uj and thus (3 = e; 

2. (a, (^5Y), (P,(5~i) w ), (A(-y5Y ,B(5~i) w ), where size(7<5) and size^) are bounded by 
2M(l+S T h s ) (recall that, e.g., (70")^ is, in fact, 7 when ||7|| = uj); 

3. (a, 7/3), (Aj,B), where ||7|| < \\B\\ < M (in the case ^7 ~ B); 



6 



4. (a,j6 w ), (/3,cH, {Ay5 UJ ,B5 w ), where ||7|| < \\B\\ < M (in the case Ay / B). 

From Prop. [8] we can derive that the size (and thus also the length) of y and 5 is bounded 
by an exponential function of the size of Q, except of 5 in 4. But for this case an exponential 
bound is provided by Lemma [18] shown later: by putting there ot\ = Ay, a<i = B we get 
SIZe(5) < (2M + \j\f\ 2 ■ M r hs + S r hs) • (1 + S r h s )- It is thus clear that there is an exponential 
bound EB (in the size of Q) such that the size of each string in the pairs in 1., 2., 3., 4. is 
less than EB, when we except a, f3, and 7/3. To summarize: 

Proposition 14 If Aa ~ B/3, SlZE(Aa,B/3) > EB, and SiZE(a,/3) < siZE(Aa, B/3) then 
(Aa,B(3) has a bisimilar decomposition, in one of the forms captured by 1., 2., 3., 4- above. 

We note in particular that if size(Ao;, Bf3) > EB and SlZE((Aa) c ) < EB, size((B f3) c ) < EB 
then siZE(a,/3) < siZE(Aa, Bf3). (If the greater of Aa,B(3 is just a cycle then siZE(a,/3) = 
SlZE(Aa,Bf3).) 

To finish a proof of Lemma \12\ let us imagine that Prover, starting from X ~ Y, only uses 
bisimilar decompositions of the type 1., 2., 3., or 4. in Point (b) of the Prover-Refuter game, 
whenever they are available. In (c) Prover always chooses so that she keeps a' ~ f3'; she thus 
maintains that each current pair is bisimilar (i.e., belongs to bisimulation equivalence). The 
next proposition helps to derive a bound on the work space which is sufficient for Prover to 
avoid losing by space-overflow. We refer to the canonical presentations of regular strings, and 
recall our convention after Def. 

Proposition 15 If a 5 then 5 C G ROUND(a c ) or 5 C = e and size(<5 p ) < S r h s + SlZE(a p ). 

Proof: a — > 5 implies a = Aa' , S = ya' for a rule A — y. If ||7|| = oj then 5 = y and 
5 C = e. If ||7|| < u then (also \\A\\ < oj and) S c € ROUND(a c ) by Prop. [3)^2). Moreover, 5 P is a 
prefix of y(a') p and (a') p is a suffix of a p (by Prop. EJ^l)); hence size(<5 p ) < S r h s + SlZE(a p ). 

□ 

Propositions [14] and [15] show that the above strategy of Prover guarantees that she maintains 
the following invariant for each current pair (a, f5) (when X ~ Y): 

1. a ~ ; 

2. each of a, (3 is of the form 71(72)'*' where ^ 
SIZe(7i) < EB + S r h s and SIZe(7 2 ) < EB. 

Hence there is indeed a polynomial pol such that the space 

2 pol(size(g)) ig su ffi cient f or p roV er 

to avoid losing (by space-overflow) when X ~ Y". 

3.1 Exponential bounds on eq- levels in the normed case 

Though we still assume a general £/ = (jV,A,TZ), we will describe, in fact, an optimal A's 
strategy in the normed subcase, deriving the bound in Lemma [18] (which was used by our 
above proof of Theorem [4]). 

Remark. As already mentioned, the problem BPA-Bisim for normed BPA is known to 
be polynomial; the exponential bounds like in Lemma [181 seem to be derivable, e.g., from [3] 
but we provide a proof, to be self-contained. 
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We start with noting a technical fact. A path 5q — ► 8\ — > 82 ■ ■ ■ 8k in Cg is a 
down-stair, for the pair 5o,5k, if ||<5j|| > \\5k\\ for all i, < i < k—1. (Hence all 8j are normed, 
the norm can increase/decrease in single steps, but the least norm in the path is achieved 
precisely at the end.) Recall now the values M, M r h s for our assumed Q = (j\f, A, 1Z) (Def. [7]). 

Proposition 16 If B — > 7 is a shortest down- stair for B,j then \u\ < \N\ ■ M ■ (1 + M r /j S ) 
and, moreover, each 8 visited by the path B — > 7 satisfies \\5\\ < \\B\\ + M r h s . 

Proof: Let B — — > 7 be a shortest down-stair for the pair B,j (\\B\\ > ||7||). We can write 
u = ru' , r € 1Z, and we have either B 5j — > 7, in which case (£7 is an rhs and) 5 e 
is a norm-reducing path, or B — —¥ 5Cj2 7 = 7i72 ; where ||C|| > ||7i||; in the latter case 

we have 5Cj2 — ^ C72 — ^ 7i72 where u^v! 2 = u', 5 — h e is norm-reducing and C — ^ 71 is a 

v! 

shortest down-stair for C, 71 (and thus C72 — h 7172 is a shortest down-stair for C72,7i72). 

Any shortest down-stair for a pair cannot contain a down-stair for the same pair; since 
||7|| < we have | — y | < M and there are thus at most \Af \ ■ M pairs C, 72 where C E M 
and 72 is a suffix of 7. The claimed upper bounds are now obvious. □ 

A (general) strategy of A attaches one move from or (5k (if it exists) to each sequence 
(ai,/?i), (02,^2)5 • • •, (ctkiPk) of (current) pairs in a play of the A-D game; such a strategy 
restricts the possible plays (to those where A only uses the prescribed moves). 

Proposition 17 If a 7^ /3 then A has a strategy guaranteeing for any play starting from 
(a, f3) that after a number of rounds the play reaches (c/,/3') such that one of the following 
holds: (1) \\a'\\ + ||/3'|| ; or (2) \\a'\\ = \\^\\ < uj and a' fa ft, or (3) \\a'\\ = \\j3'\\ = uj and 
a' ^ P' ; moreover, siZE(a',/3') < SiZE(a,/3) + \M\ 2 ■ M rhs + S rhs . 

Proof: We assume a 7^ (3 and consider an optimal strategy of A, ignoring the size-condition 
on (c/,/3') for the moment. Such a strategy obviously exists; from each current pair, which 
the strategy allows to reach when starting from (a,/3), it forces reaching (a',/3') satisfying 
one of (1), (2), (3) in the least possible number of rounds. 

We assume ||a|| = ||/3|| < uj (otherwise we are done), and consider a current pair (A5\, BS2), 
where \\A5\ \\ = \\B52\\ < uj; w.l.o.g. we assume \\A\\ < \\B\\ and we put i = max {\\5\ ||, \\S2W} = 
||^i || . There are two disjoint possibilities: 

• either we have a top-remove (of A), i.e., the strategy allows reaching a pair (<5i,7<52) 
(after a number of rounds), where ||<5i|| = ||7<!>2|| and there is a down-stair B 7, 

• or we have a top-win, i.e., no possible continuation of the play contains A's move 
ai a.2 such that 1 1 CK2 1 1 = £ (and ||ai|| = £+1). 

In the latter case we say that A keeps the play above I, and we note that any future current 
pair (Ad^jBS'z) (or (B5' 2 , AS^)), where H^^H = ||-B£ 2 ||, mus t constitute a top-remove case: 
otherwise A could force reaching the target from (A5i, B82) earlier if he played there as from 
(A5[, B5' 2 )- (I.e., the move attached to a sequence (a,/3), SEQ 1; {A8\, BS2), SEQ 2 , {AS^Bd^), 
SEQ 3 would be attached to the sequence (a,/3), SEQi, (AS±, B82), SEQ 3 .) 

In any top-remove case (A5±, B52), with a corresponding (81, 7^2), we can safely change the 
strategy as follows: A performs (in a series of rounds) a chosen shortest down-stair B — 7. 
During this series D is answering as she wants; either she keeps the equality of norms and 



8 



the play reaches the pair (<5i,7<52), or she loses by reaching some (a',/3') satisfying (1) or (2) 
where ||/3'|| < \\B5 2 \\ + M rhs (by Prop. [TBT) and SIZE(a') < max{S r/ls , ||/3'|| +M rhs }. 

Since a top-win case in a play can be encountered at most once for each unordered pair 
A,B, the (generous) bound SIZe(o/, /?') < siZE(a,/3) + \J\f\ 2 ■ M rhs + S r hs easily follows. □ 

Lemma 18 If oi\ 96 a 2 and a\f3 ~ a 2 f3 then there is 5 ^ e such that j3 ~ 5/3 (and thus 
(3 ~ 5 U , i.e. f3 ~ 5 if \\5\\ = u) and size(J) < (siZE(ai, a 2 ) + \M\ 2 • M rhs + S rhs ) • (1 + S rhs ). 

Proof: Prom (aif3,a 2 /3) we let A play a strategy from Prop. [T7] for the initial pair (ai,a 2 ) 
(ignoring the suffix f3) and we let D play a strategy keeping bisimilarity. The play must 
obviously reach ', cJ 2 jS) where a[l3 ~ ct 2 P, ||a'il| ^ \W 2 \\i an d SiZE(a' 1 ,a / 2 ) < b = 
SIZe(«i, a 2 ) + |W| 2 • M r ^ s + S'f.ftg. From (a^/3, a' 2 /?) we let A play norm-reducing steps at the 
lesser-norm side; within b moves, the play reaches f3 ~ 5j3 where surely SIZe(<5) < b + b ■ S r h s . 

□ 

4 Additional Remarks 

Since the content of the work-space cannot repeat when Refuter plays his optimal strategy 
in a case X Y, Refuter wins within doubly exponential time; this also yields a doubly- 
exponential bound on the eq-level of nonbisimilar BPA processes. 

All the pairs (a, f3) which satisfy the invariant (1) (after Prop. [T5|) create a basis for G, 
similar to the bisimulation base of [1] but with explicit regular strings. We could construct 
the basis by a standard coinductive approach (building a sequence of decreasing overapproxi- 
mations). Each of the pairs in the basis fits into exponential space, and they are thus at most 
doubly-exponentially many of them. 

Senizergues [14J showed the decidability of bisimilarity for pushdown processes; BPA can 
be seen as single-state pushdown processes. It seems interesting to explore the decomposition 
approach here as well, using regular terms (as in [9]). 

Finally we mention that closing the complexity gap between ExpTime and 2-ExpTime for 
bisimilarity on BPA is a natural future research topic; for weak bisimilarity on BPA even the 
decidability question is open. 
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